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_ ABSTRACT

" This paper gives the first two asymptotic cumulants for.
different states and transitions between successive observa--g
tions of the first-order Markov chains. Using these results,.
the first two asymptotic cumulants of the statistics ¥,2 and ;2. -
have been obtained and their relative eﬁicienci_es-have been*
“discussed for large # and for ‘some values of k (where # is the .

number of observations and k is the .number of different:-
states). It is pomted out that #,2 can be used for testmg the :
homogeneity of k& samples ) ;
INTRODUCTION

A SEQUENCE of observations x,, xg, ..., X, is Markovran 1f the ‘prob-
ability for x; depends on the previous observation x;; and is governed
by the conditional probability matrix (p4j), where p; is the probability
for an observation to be in state j when its preceding one is in stdte i.
Studies of such sequences enable us to. develop methods of analys1s
suited for long-term series in which- neighbouring observatlons are
correlated. They also provide methods for examining -the relative
efficiency. for various statistical procedures for testing two or more
samples with respect to the alternate hypothesis wherein the observa-.
tions are not 1ndependent It may be observed in this - connecllon
that most of the studies undertaken, so far, are based on the assump-
tion that all the observations are. independent of each other. The
efficiency of these tests, when the observauons are not mdependent

" is not known

In view of the basic nature of such studies, a good deal of work
has been- carried out by a number of workers on Markov sequences
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and chains. Recently, an excellent review of the investigations on this
topic has been given by Billingsley.® Good? and Bhat? have tried to
generalise some of the results obtained by Bartlett,! Whittle® and others.
The results given by them, besides being approximate, are not in a
form that can be readily used for practical purposes. We have given
in this paper the first two cumulants for (i) the number of. states;
(i) the number of first order transitions; (iii) 2 statistics for a first
order Markov chain. .The results are utilised for testing the relative
efficiency of Psi-squared statistics.

II. - CUMULANTS -FOR FIRST ORDER CHAINS

(1) Different States.—Let X be the number of observations in state _
i in the sequence. Then

Xi=x1?l‘x2+ ..-'+x"

where

5=1 if x, is in state { - -
X, ‘
: L = 0 otherwise.

CE(X) = E(y At Xay eee %)

= n E(x,)
= np; where p, is the asymptotic probability for an
observation to be in state 7. 2.1.1)

E(X®) = nE(?) +2 3 (1= ) E (s,

E (x,x,4;) = The probability for the r-th and (r- s)-th
observations to be in state i, when nothing
is known of the observations between r-th
and (r - s)-th observations.

= p;pu'®, where pu® is the conditional probability
for (r - s)-th observation to be in state
i when the r-th observation is in state i.

W (X) = mp (1= p) +2'2 (1= 9) (il = p)

_— [q,. ) Z (1 -2) P,.,.M] 2:1.2)
=T |
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where . o
P (8) — (Pa (s) '—Pt) :
As n—->oo thls reduces to the form

s

whefe
E” p 1) — p (s4+1)

i.e., E refers to the usual operator in: ﬁnlte dlﬁ'elences

K1y (Xc, 1) = nPiRJ"' n (Pt";y 4 pyo u) O (2.1.4)
where '
fH—1 ) i
a"—Z(l_ﬂ) (p“()-—-p,) forz,J—a b ,k
=1 s
where @, b, ..., k refer to different states.

(2) Transitions like (i) and (if) betWeen successive observations.—
Let X;; be the number of (i) transitions between successive observations
in the sequence.

Then ro
Xu=2p+ X+ 0o + Xy
where |

X,y p41 Tepresents the transition between r and r- -+ 1-th observations,
and

= 0 otherwise.
E (Xﬂ) = (n - 1) E(xr’ r+1) i .
=.(n— 1).p;py o . '
~ 1Ry,  where R“ = p,pu ‘ S .2.

{=. 1 if the r-th and r+-1-th observations‘aire-in state 7.
Xr, r41 ’ o ' R ‘

" Evaluating similarly, we get

’ » - n—3 -
#p (Xiu) ~ nRy [1 3 Ru+2pu+217u Z (l — —-) P, (s)]

B-l

: S (2.2.2) ..
(X 4) = nRy,  where Ry=pp; - (2.2.3)

~



202 JOURNAL OF THE INDIAN SOCIETY OF AGRICULTURAL STATISTICS

and

where

16 (X)) =~ nRy [1 — 3R; 4+ 2py;

n—3

Z (1 1%) P,.,;‘s’] (2.2.;1.)

=1

ey (X X)) & — 3nRuRy; + npy; pi; (p; @y + P4%51) (2.2.5)

n—3

. S ..
aij = Z(l - ﬁ)(pij(” —PJ) fOI' L, ]= a, b: sy k'

=1
17 (X Xoj) & —3nRuRy; ++ nRyupiy+ npupi; (0%t Pioy) .
' (2.2.6)
iyt (X X ) & — 30RuRym + 1puipim (Pis + P (2.2.7)
K1 (X,,,X],,,\ — 3nR R, + NRP jum + 1P P 1;1”—{— Di%mt)
(2.2.8)

K1y (Xii’le) R — 3”-Rinlm+ ’7vpii1)lm>(piajll+ Di%ni) (2.2.9)
w33 (X i X;) ~ — 3nRy Ry + npyp,; [p: (1 - a;;)

+p; (1 + a) (2.2.10)
iy (X X)) & — 3nRyu R+ nRpu+ npup;
X (pioyy + Piou) 2.2.11y

3. 'PsI-SQUARED STATISTICS FOR FIRST ORDER CHAINS

~ Using the varjous cumulants given earlier, the first two asymptotic
moments of ;% and #,* defined by

and

X, — E(X)]? Lo -
¢1_Z E(Xl) i=ab, ...,k )

o Z(X“;(EXi)XU)] , .i’j=a’ b, ... k

have been calculated and glven below.

HK1 (‘/’12) I:(k —D+2 Z ”il: (1 - ’) P; (8):] A4, say

(3.1)
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1 (h°) ~ 2[(k—1)—|—4ZZ(1——~)P(” -
’ i gwal
n—1 .
i _ _S2) ptejaey
DT (-3 -]
i 84, fa=1
== 2B, say . (3.2)
' ) / n—3 .
w0y (%) ~ (K2 — 3) + 2 Z Pict 2 ZZ(l - 5) P+
' i R ) i s=1. i ’
= A, say . (3.3)
Ky (‘/’22)N 2 I:kz +2k—9+4 Z}’w +2 Z:.Pﬁ[)ﬂ
4 i . :
n—-3
T 4.2 Z (1 - Ié) {Pu® -+ PylosD) o petoy
i s=1 ‘ -
7n—3
NI
i 8,8,=1
= 2B, say Lhj=ab, ... k. 3.9

By examining the first two cumulants of: 42 and ¥,2 with those
modified X2, discussed by Patankar, we find that the asymptotic distri-
butions of A?/B; (i = 1, 2) can be approximated to the X2 distribution
with Aj2/B; degrees of freedom.

4. RELATIVE EFFICIENCY OF #;2 AND 2

The statistics ¥,% and i, are such that they can be used for testing
the hypothesis of randomness regarding a sequence of observations. To
decide which of these is more suited for different situations, the relative °
powers of ¢,2 and ,2 for different H, and H;, have been calculated on
the basis of 59, level of significance by comparing the corresponding
ordinary X¥s with degrees of freedom (k — 1) and (k%2 — 1) respectively
and are given in Table 1. Thus, for example, in the case of k~ 6

?
power of #;® is calculated as folllows,
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5% value of x%4, for the hypothesis Hy=11-070. Then
we calculate the values of w and p to enable us to use Pearson’s
table” in evaluating the area I (u, p),

11-070
u for ¢ % = V2E, = 2-7139
and p=(3 of degrees of freedom)—1
. 4 |
=28, — 1 =1-4695.

Then I(u,p) comes out to be 0-8744 and {1 — I(y, D)} gives the
power of the statistics ;% Similarly, for 4,2 also, by replacing ¥ (k1)
with X242, and A,, B, with 4,, B, and proceeding in the same way,
we get the power of #,% to be 0-1040.

It will be seen from Tables I and 11 that the statistics ;2 is more
powerful than i, for testing H, against H, when X p,>1, and when
. 3

2 pu < 1, §,* is more powerful than ;2. Therefore it should be

i /7

decided on the basis of Xp; as to which of the statistics ;2 and i,2
- i

should be used for testing randomness. Further investigations are required
to decide about the relative efficiency of ¥,2, #,2, etc., which are on hand
and will be published in due course.

5. LARGE SAMPLE TEST FOR TESTING HOMOGENEITY OF k& SAMPLES

Before concluding, it may be pointed out that the statistic #,2
can be used for testing homogeneity of k samples by extending Wald
and Wolfowitz’s procedure for testing two samples.

Suppose there are k& samples a, b, ¢, ... k consisting of ny, n,, ...
n, observations respectively. The k samples are pooled together and
arranged in ascending or descending order, noting down the sample
to which each of them belongs. Thus we will be obtaining a sequence
of the form (acdekca....). The above sequence can be tested for
randomness for the characters a, b, ¢, etc., with the help of ,% For
the null case, it will be assumed that

Do =m[S, py=mn,/S ..., where S=n1+n'2—i—...+nk.

It may be noted that for this assumption the expected value and
variance of ¥,2 can be approximated to x* of a kX k contingency table
showing the frequencies for various transitions, i.e., (k — 1)2and 2 (k—1)2
respectively. Instead of assuming p, = n|S(r=ab,...k,pypy ...,
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- TaBLE. I*

Powers of 1/11 and ho? for some alternatzves and for large values of n.
a=0: 05 2 P> 1

" . Power

k Hypothesis- .
S hy? ‘ﬁ_‘.’z‘ o

’ 3 HO:P(=PI,‘ZP‘"=1"' i,j:1,2,3

CHy: £0°625 0 0-250 0250 LS
0:250 . 0-500  0-375 ) - 0-1785-  0-1486
\ 0125 0250  0-375 L

‘4 HgP,=P, Zpi=1. ij=1, 2,34, 3
i , . - — - e
H,: 0-500 0-200 0-250 0-300
" {0250 04450 0:200° 0-125 PSR
(0-1,25 .0-250 0-300 0- 200) 0- 1743 01349

0:125 0100 0-250. 0-375

. ! ’ ) . : t b
5  HyPi=P, Zpy=1 14 j=1,2345

Hy: /060 0-10 0-20 0:25 0-21 '

: 0-05 0-50 .0-15 0-11 0-18\ . - - -
0-10 0-15 0+45-0-17 -0-13.}0-3054  0-1892
0-16 0-10 0-06 0-40 0.18 J . .. . .
0-09.0-15 0:14 0-07 0-30/ -

6 Hy: Py=P, Zpy=114j1,2...6"

/020 0-15°.0-10 0-09 0-16 0-14\ -
{ 015 0-20 0-15 0-10 0-14 0-12 -
0-15 0-16 0-32.0-14 0-15 0-18 -
0-15 0-11 0-13.0-25 0-10. 0-16 . 01256 01040
0-16 0-21 0-14 0-22 0-33 0-10 o
0419 0-17 "0-16 0-20° 0-12 0:30 :
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)
“TABLE_II*
Powers of Y and ,* for some alternatives and. for large values of n

a=005 X p, <1
. i .

Power

k Hypothesis -
e

"3 Hy: Py=P, Zpy=1 i,j=123" "

Hy: /040 050 0-45\ o
0-35 020  0-45 0:0190  0-0583
0-25 0-30  0-10 S

3 Ho:]%:,Pj Zp{i: 13 I’]=1=2a3

. Hp: 0-40- 0-25  0-40
o 0-30. 0-35 0:35 ) 0-0539  0-0812
2 \:0:30 040 0-25

. 4 .Ho:Pi=Pj2Ph'=1, 'i5j=192: 354
4

H: 0-20 0-25 0-30 0-40 :
0-15- 0:20 0-25 0-30 a. )
0-10/- -

0-35 0-20 0-30
5 H03P¢=P52Pu:1, i,j=1,2,3,4,5

£0°20 0-25 0°15 0-18 0°25

0:16 0-15 030 0:25 0°15 \

0:15 0-20 0-20 0-30 0-15 ) 0-0285 0-0670
0:30 0-15 0°10 0-12 0-35

0-19 025 025 015 0°10

* In calculating the cumulants, terms upto X Py have been used, since the

“ . 2 .
terms beyond these are of no consequence in these cases.
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may be estimated from the matrix [8; — py], where py = ny/S, nf
being the number of ij transitions and

=1 if i=j
8y '
- {=0 otherwise.

In that case p, == A,/ZA,,, where A, is the first minor of (I — pg)
of the determinant | 8; — p,|. If weuse the above values of p,, py - - -,
the expected value of ¥,% and its variance can be approximated .to

o (et) = B (k= 1)
k() =2k + 1) (k— 1)
aﬁd the test may be carried out by using these values for the null case.

Further work is necessary to decide its power in relation to usual
variance ratio test for testing the homogeneity of k& samples.
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